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Intrinsic Spin and Orbital Angular Momentum Hall Effect

S. Zhang and Z. Yang
Department of Physics and Astronomy, University of Missouri-Columbia, Columbia, Missouri 65211, USA

(Received 27 July 2004; published 17 February 2005)
0031-9007=
A generalized definition of intrinsic and extrinsic transport coefficients is introduced. We show that
transport coefficients from the intrinsic origin are solely determined by local electronic structure, and thus
the intrinsic spin Hall effect is not a transport phenomenon. The intrinsic spin Hall current is always
accompanied by an equal but opposite intrinsic orbital angular momentum Hall current. We prove that the
intrinsic spin Hall effect does not induce a spin accumulation at the edge of the sample or near the
interface.
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Recently, there are emerging theoretical interests on the
spin Hall effect in a spin-orbit coupled system [1–14]. The
spin Hall effect refers to a nonzero spin current in the
direction transverse to the direction of the applied electric
field. Earlier studies had been focused on an extrinsic effect
[15,16], namely, when conduction electrons scatter off an
impurity with the spin-orbit interaction, the electrons tend
to deflect to the left (right) more than to the right (left) for a
given spin orientation of the electrons. Thus the impurity is
the prerequisite in the extrinsic spin Hall effect. Recently,
the spin Hall effect has been extended to semiconductor
heterostructures where the spin-orbit coupled bands are
important. It has been shown that the spin current exists
in the absence of impurities, termed as the intrinsic or
dissipationless spin Hall effect (ISHE) in order to distin-
guish the impurity-driven extrinsic spin Hall effect (ESHE)
mentioned above. In general, the magnitude of ISHE is two
to three orders larger than that of ESHE; this immediately
generates an explosive interest in theoretical research on
the ISHE since the spin current is regarded as one of the
key variables in spintronics application.

However, the spin current generated via ISHE is funda-
mentally different from conventional spin-polarized trans-
port in many ways. First, the spin current is carried by the
entire spin-orbit coupled Fermi sea, not just electrons or
holes at the Fermi level [1,4]. Second, ISHE exists even for
an equilibrium system (without external electric fields) [5]
and ISHE is closely related to the dielectric response
function that characterizes the electronic deformation [6].
Most recently, it is proposed that the intrinsic spin Hall
effect exists even in insulators [17]. The above unconven-
tional properties cast serious doubts on experimental rele-
vance of the intrinsic spin current. It has been already
alerted by Rashba [5,6] that the ISHE may not be a
transport phenomenon. Because of the ill-defined nature
of the spin current in the spin-orbit coupled Hamiltonian,
theories utilizing different approaches produce contradict-
ing results: some predicted a zero spin Hall current in the
presence of an arbitrary weak disorder and some claimed a
universal spin conductivity at weak disorder. In this Letter,
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we do not try to resolve the above theoretical debate,
instead we reveal the spurious nature of the intrinsic spin
Hall effect and discuss its experimental consequences. We
first define generalized intrinsic and extrinsic transport
coefficients from the semiclassical transport equation. We
show that the intrinsic spin current is always accompanied
by an equal but opposite orbital angular momentum
(OAM) current for a spin-orbit coupled system. Thus, the
intrinsic magnetization current which is the sum of the spin
current and the orbital angular momentum current is iden-
tically zero. Next, we construct the equation of motion for
the spin density in the presence of the intrinsic and extrin-
sic mechanisms. We find that the intrinsic spin current is
exactly canceled by a spin torque and thus the spin accu-
mulation at the edge of the sample is solely determined by
the extrinsic spin current. The above results make us con-
clude that the intrinsic spin current has no experimental
consequences in terms of the spin transport measurement
for an arbitrary strength of the intrinsic spin Hall conduc-
tivity. Therefore, the intrinsic spin current is a pure theo-
retical object, at least, in the limit of the semiclassical
picture of the spin transport. Finally, we brief comment
on the most recent experimental results [18].

Let us consider a spin-dependent Hamiltonian

H � �
�h2

2m
r2 � V�r; �� � eEx � Vi�r; �� (1)

where the second term represents a periodic spin-orbit
potential, the third term is the interaction with a dc electric
field E in the x direction, and the last term is the impurity
potential that may or may not depend on spin. Now let us
consider how an arbitrary dynamic variable Ĝ responds to
the electric field. A standard semiclassical version of the
linear response function J �r� is

J �r� �
X
k�

Gk�f��k�; r� (2)

where Ĝ can be any dynamic variable such as the current
density, the spin current density, the magnetic moment,
etc.; Gk� �

R
dr��

k��r�Ĝ�k��r� � h�k�jĜj�k�i is the
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expectation value for the eigenstate �k��r� (Bloch states)
determined by the first three terms in Eq. (1); � � �1
represents the index of the spin sub band; and f��k�; r� is
the distribution function that depends on the detail of the
scattering potential Vi�r; ��, the last term of Eq. (1). The
dependence of J �r� on the electric field enters in two
places: the wave functions and the distribution function.
We may expand them up to the first order in the electric
field. The wave function is written as,

�k��r� � ��0�
k��r� ���1�

k��r� (3)

where ��0�
k��r� is the unperturbed electronic structure de-

termined by the first two terms in Eq. (1), and

��1�
k��r� �

X
k0�0�k�

h��0�
k0�0 jeExj��0�

k�i

�k� � �k0�0

��0�
k0�0 �r�; (4)

is the first order perturbation to the third term in Eq. (1).
Similarly, we write the distribution function in terms of the
equilibrium and nonequilibrium parts,

f��k�; r� � f0��k�� �

�
�

@f0

@�k�

�
g�k�; r� (5)

where f0 is the equilibrium distribution function and the
nonequilibrium function g�k�; r� is proportional to the
electric field. By placing Eqs. (3) and (5) into Eq. (2) and
keeping only the first order term in the electric field, we
have J �r� � J int � J ext where

J int � 2Re
X
k�

h��0�
k�jĜj��1�

k�if
0��k�� (6)

is defined as the intrinsic linear response and Re stands for
the real part, and

J ext �
X
k�

h��0�
k�jĜj��0�

k�i

�
�

@f0

@�k�

�
g�k�; r� (7)

is called the extrinsic linear response. The above distinc-
tion between intrinsic and extrinsic contributions to the
transport properties has been already introduced by a num-
ber of groups, in particular, by Jungwirth et al. [19] in their
study of the anomalous Hall effect in itinerant ferromag-
nets. Equation (6) shows that the intrinsic linear response
coefficient is not related to the transport phenomenon since
J int is determined by the equilibrium distribution function
and the local electronic structure. Thus, there are no trans-
port length scales such as the mean free path or spin-
diffusion length in J int. The extrinsic linear response,
J ext, is a true transport quantity because it is directly
proportional to the nonequilibrium distribution function
that is determined by various scattering mechanisms. At
low temperature, the factor of @f0=@�k� limits the trans-
port states to the Fermi level. Comparing Eqs. (6) and (7),
we realize that the intrinsic effect is simple and easy to
calculate while the extrinsic effect is much more compli-
cated. As long as we know the Bloch states ��0�

k�, the
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intrinsic transport coefficient can be straightforwardly
evaluated since f0 is known. The extrinsic transport coef-
ficient not only depends on the Bloch states, but also on the
nonequilibrium distribution function that is usually the
center of the relevant physics. Here, however, we should
concentrate on the easy problem: calculation of the intrin-
sic transport from Eq. (6) by using a model Hamiltonian.

We choose a Rashba Hamiltonian to illustrate the phys-
ics of the intrinsic transport properties. A similar calcula-
tion can also be performed for a Luttinger Hamiltonian
[20]. For the Rashba Hamiltonian, the second term of
Eq. (1) is V�r; �� � ��= �h�� 
 �p� ẑ� where p is the mo-
mentum in the xy plane, � is the Pauli matrix, and � is the
coupling constant. Before we calculate the spin and the
OAM Hall currents from Eq. (6), we list the wave function
and the dispersion relation of the Rashba Hamiltonian so
that one can easily follow our derivation at each step

��0�
k��r� �

eik
r������
2A

p

�
1

�i��kx � iky�k�1

�
(8)

where A is the area of the 2-dimensional electron gas, and

�k� �
�h2k2

2m
� ��k (9)

where k � jkj �
����������������
k2x � k2y

q
. By placing the above two

equations into (4), we have [5]

��1�
k��r� � �

�eEky

4�k3
��0�

k���r�: (10)

In obtaining the above result, we have used
h��0�

k0�0 jxj�
�0�
k�i � � ��0

2 �kk0
ky

k2
.

We now proceed to calculate the spin Hall current by
taking the operator Ĝ � �1=2��szvy � vysz� where sz �

� �h=2��z is the z component of the spin operator and vy is
the y component of the velocity. By placing the above
definition along with Eqs. (8) and (10), and by taking the
distribution function a step function at zero temperature,
we obtain the intrinsic spin Hall current from Eq. (6),

J spin
int �

e
8�

E; (11)

where we have assumed that the Fermi energy is larger
than the spin-orbit coupling energy so that both spin sub-
bands cross the Fermi level. Equation (11) represents the
universal spin conductivity (e=8�) obtained by many
groups [1,4].

Our central question is: what is the physical meaning of
this spin current derived from the equilibrium distribution
function? To see clearly what this spin current represents,
we recall that the spin is not a conserved quantity in a spin-
orbit coupled system. If one is interested in the magneti-
zation current or the total angular momentum current, one
should also include the OAM Hall current. The OAM Hall
current can be similarly calculated by introducing an op-
erator for the OAM Hall current
2-2
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Ĝ �
1

2
��r� p�zvy � vy�r� p�z� (12)

where �r� p�z � xpy � ypx is the z component of the
OAM. The same straightforward evaluation of Eq. (6)
leads to

Jorbit
int � �

e
8�

E: (13)

Thus the OAM current is exactly equal and opposite to the
spin current. This result is not surprising at all: the total
angular momentum (z component), spin plus orbital is
conserved for the Rashba Hamiltonian and thus we can
choose the Bloch states that are simultaneous eigenstates
of the total angular momentum and the Hamiltonian. In
fact, one can directly show that the total angular momen-
tum current vanishes if we use �sz � Lz; H� � 0 to the
Rashba Hamiltonian.

Having discussed that the intrinsic spin current is always
accompanied with the OAM current in a bulk spin-orbit
coupled material, our next question is whether the intrinsic
spin current can produce a spin accumulation at the edge of
the sample? To answer this question, we recall the basic
idea of the spin accumulation for the extrinsic spin current.
When an extrinsic spin current spatially varies, nonequi-
librium spins will be accumulated so that the spin diffusion
is balanced by the spin-drift current. Equivalently, the spin
accumulation results in the chemical potential splitting
between two spin subbands and a voltage can be measured
experimentally when the sample is attached to a ferromag-
netic lead [16]. Mathematically, the nonequilibrium spin-
dependent chemical potential or spin accumulation is the
average of the nonequilibrium distribution function [21].
For the intrinsic spin Hall current, the distribution is an
equilibrium distribution and one would expect that the
concept of the spin-dependent chemical potential breaks
down. Indeed, we show next that the intrinsic spin Hall
current does not lead to spin accumulations at the sample
edge and across an interface.

To calculate the spin accumulation or the position-
dependent spin density S�r; t� at the edge of the sample
or across an interface, one relies on the semiclassical
equation of motion that can be generally written as

@S�r; t�
@t

�r 
 �Jint � Jext� � !int � !ext �

�
@S
@t

�
colli

(14)

where Jint and Jext are the intrinsic and extrinsic spin
current densities, !int and !ext are the intrinsic and extrinsic
spin torques due to noncommutivity of the Hamiltonian
with the spin operator, i.e., the spin torques are calculated
by replacing Ĝ by �s; H�=i �h in Eqs. (6) and (7), and the last
term in Eq. (14) is a collision term that is to relax the
nonequilibrium distribution function to an equilibrium one.
To explicitly obtain the spin accumulation S�r; t� in a
closed form, it is necessary to use a wave-package descrip-
tion so that the position dependence can be readily in-
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cluded. Culcer et al. [2] have already formulated that the
intrinsic spin torque !int can be written as two terms. In our
notation, we find !int � !0 � !1 where

!0 �
X
k�

hk�j
1

i �h
�s; H�jk�if0��k�� (15)

and

!1 � �r 

X
k�

hk�j
1

i �h
�s; H�rjk�if0��k�� (16)

where the symmetrization of the product of �s; H� and r is
implied. We emphasize that !1 comes from the position
dependence of the center of the wave packet. By using the
fact that the wave function is an eigenstate of the
Hamiltonian Hjk�i � Ek�jk�i we immediately see that
the expectation value of �s; H� is zero, i.e., !0 � 0. To
calculate !1, we use the commuting relation �H; r� �
�i �hv� i��ez � ��, where v is the velocity operator.
After a straightforward algebra simplification, we have
found [22]

!int � r 

X
k�

hk�j
vs� sv

2
jk�if0��k�� � r 
 Jint: (17)

Therefore, the spin torque exactly equals the divergence of
the spin current. The equation of motion, Eq. (14), now
becomes

@S�r; t�
@t

�r 
 Jext � !ext �

�
@S
@t

�
colli

: (18)

We conclude that the intrinsic spin current does not enter
into the play in the equation of motion. The spin accumu-
lation S�r; t� is solely determined by the extrinsic part of
the current density.

We now return to our central issue on the problem,
namely, whether the intrinsic spin Hall conductivity can
be measured via conventional meanings of the spin trans-
port. Since the spin current is not directly measurable, two
schemes are usually employed: one is the realization of
measuring the electric field induced by the magnetization
current [23] and the other is the spin accumulation at the
sample of the edge or across an interface [24]. We should
discuss them separately below.

If there is a net magnetization current in a bulk material,
a circular electric field outside the sample will be induced.
This phenomenon is analogous to the magnetic field in-
duced by a charge current, known as the Biot-Savart law or
Ampère’s law. For example, it was proposed that a spin
current generated via spin wave propagation through a
nanowire can be detected by an induced electric field just
outside the nanowire [23,25]. However, the above proposal
is applied to the case where the OAM current is absent. In
the present case, the OAM current is exactly opposite to the
spin current so that the net magnetization current is zero.
Therefore, we conclude that there is no electric field asso-
ciated with the intrinsic spin current.
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The more efficient method to detect the spin current is
by measuring the spin accumulation due to spatial varia-
tion of the spin current, e.g., the Johnson-Silsbee’s experi-
ment [24]. Based on the equation of motion given by
Eq. (18), the divergent of the extrinsic but not intrinsic
spin currents can lead to a buildup of spin accumulation. To
determine the spin accumulation, one usually makes a
relaxation-time approximation so that the collision term
in Eq. (18) is modeled by �S=!sf. Since the intrinsic spin
current does not contribute to the equation of motion for
the spin accumulation, the measurement based on the
detection of the spin accumulation will produce a null
contribution from the spin Hall effect, no matter how large
the intrinsic spin current is.

Two experimental groups have recently observed the
spin Hall effect by detecting spin accumulation at the edges
of the samples [18]. Kato et al. argued that the effect is
extrinsic based on their experimental results that the spin
accumulation is independent of the strain direction, while
Wunderlich et al. claimed that their observed effect is in-
trinsic based on the assumption that the impurity scattering
is weaker than the spin-orbit coupling in their samples
(clean limit). We point our here that the clean limit in the
experiment does not imply the spin accumulation from the
intrinsic origin. Instead, our analysis has shown that no
matter how large is the intrinsic spin current, the observed
effect has to be an extrinsic origin because the spin accu-
mulation is independent of the intrinsic spin current.

We finally draw a picture on why the intrinsic spin Hall
fails to produce experimental consequences. Consider a
contact between a Rashba material and a nonmagnetic
material with no spin-orbit coupling. The spin current, as
well as the orbital angular momentum current, would exist
in the Rashba material. However, the spin current drops to
zero across the interface of the nonmagnetic material, i.e.,
the spin current is not continuous; this is because the spin
torque produces a mechanism to transfer the spin current to
the orbital angular momentum current or vice versus. As a
result, when the spin-orbit coupling vanishes at the non-
spin-orbit coupled material, both the spin and orbital an-
gular momentum currents drop to zero. The loss of the spin
current exactly equals to the gain of the OAM current so
that the total angular momentum current or magnetization
current is continuous across the interface of the layers; they
are both zero. For the same reason, the edge of the sample
never develops spin accumulation because the usual
boundary condition of zero spin current at the surface is
no more valid, instead, the total angular momentum current
is zero at the surface for the intrinsic spin Hall effect.

In conclusion, we have constructed a general framework
for calculating intrinsic linear response coefficients. We
have shown that the intrinsic spin Hall effect is accompa-
nied by the intrinsic orbital angular momentum Hall effect
so that the magnetization current is zero in a spin-orbit
coupled system. The intrinsic spin Hall effect is not a
06660
useful source of spin currents because the intrinsic spin
current does not enter into the equation of motion for the
spin transport. Most of the proposed experimental detec-
tions of the intrinsic spin Hall effect are the artifact of the
boundary conditions that are not valid for the intrinsic spin
Hall current.

This work is partially supported by DARPA-SPINS and
by NSF-DMR-0314456.
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